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SENIOR MATHEMATICS COMPETITION 2015 
Preliminary round Thursday 21st May 2015  Time allowed 1 ½ hours 
Instructions Attempt all questions. It is not expected that you will finish them all. Full working should accompany all solutions. Calculators may be used, but no other reference material is permitted. Total: 57 marks 
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7.  (a) A rectangular desk against two walls of a room (BC and CD) with depth AB = p units and width AD = q units,  	is rotated in its room so that when it is being moved corner B always touches wall BC and corner C always     	touches wall CD. If, at any time during the move, x is the distance from A to the wall BC, and y is the     	distance from A to the wall CD, find the equation relating y to x.                      			         [3]
    (b)    What are the dimensions of the smallest rectangular room in which the desk can be rotated this way?  [1]
      


1. Find all integer values of x such that x2 + 13x + 3 is a perfect integer square.                                                   [5]



3. For a geometric sequence of positive terms to have any term equal to the sum of the next two terms,           find the possible common ratio(s).    								             [2]   
								
4.       Ax3 + (A + 2B)x2 + (B – 3A)x + 8 – A has factors (x + 2) and (x – 3). What are the possible values for A and B, 		and what are the other factors of the polynomial?                                                                                            [4]

5.  Find all values of K for which                                                                                                                                                            K2x + 2-x = 3          has a single real root, and explain your reasoning.                    				[5]                            
6.  If (√6)sinx + (√2)cosx = 2 when 0 ≤ x ≤ 2π, find cos(2x)       				                              [4]	
        2.  The interior angles of a convex polygon measured in degrees form an arithmetic sequence. 
               The smallest angle is 1200 and the common difference is 50. Find the number of sides of the polygon.      [3] 
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8.    ABC is an acute-angled triangle with circumcentre P. If AD is the altitude to BC, prove that the  	 		 bisector of angle A bisects <DAP.                    							            [5]


11. A circle has x points spaced around its circumference. The points are joined by chords, dividing the circle into 	R regions. A formula for the number of regions formed is 24R = x4 – 6x3 + 23x2 – 18x + 24.   			Show that this formula assumes the points are not evenly spaced (i.e. the points do not form the 		vertices of a regular polygon). 								               [4]

12.  For each of the functions given											(a) write down the maximal domain and range									(b) find the inverse												(c) write down the domain and range which make the inverse a function.
	(i) f(x) = 	         (ii) g(x) = √(x + 2)      	(iii) h(x) = loge│x-1│                                                        [9]

13.  Find an expression for the probability that n persons chosen at random have different birthdays (i.e. not on 		the same day of a 365 day year) and hence show that 23 people is the minimum number for the	probability of any two people from that group having the same birthday to exceed 0.5                       [3]

10. (a) Spheres of diameter 1cm are arranged in M rows of N spheres on a rectangular area M cm by N cm. 	The spheres, in fours, create indentations, in each of which another 1cm sphere is placed, thus 	creating a second layer of spheres. Further layers are added until there are P layers in total. 		(P ≤ N ≤ M). Determine the total number of spheres in the pile. 					[4]
       (b) How many spheres are there if M = 10, N = 8, P = 6?						[1]
9. Let P be any point on the parabola with equation x2 = 4cy and let F be the focus of the parabola at (0,c).  	 Q is the point on the line segment FP which divides FP in the ratio 2:1 (Q is closer to P than to F). 	Find the equation of the locus traced by Q as P moves along the parabola.                          	               [4]                                             
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